
1274 AIAA JOURNAL VOL. 9, NO. 7

Interfiber Stresses in Filamentary Composites
LONGIN B. GRESZCZUK*

McDonnell Douglas Astronautics Company, Huntington Beach, Calif.

Theoretical and experimental results for the magnitude and distribution of interfiber
stresses in a transversely loaded composite consisting of an elastic matrix reinforced with
elastic fibers are presented. Interfiber stress distribution is also given for an in plane shear
load condition. The mathematical model consists of uniformly spaced circular fibers in a
square array. An approximate solution is obtained for the interfiber stresses. Theoretical
results are compared with results1 of a photoelasticity investigation, Fil'shtinskii's rigorous
elasticity solution for a plate containing rigid circular inclusions, and with results of a rigorous
elasticity solution for a three-dimensional problem. The present approximate solution pro-
vides good agreement with the experimental results and with the theoretical results obtained
by other authors. The method of solution presented can be used for predicting interfiber
stresses in composites with various shape fibers arranged in arbitrary arrays, as well as for in-
vestigating interfiber thermal stresses, elasto-plastic deformations, and residual stresses.
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Nomenclature

constants defined by Eqs. (23), (A23),
and (A31).

Young's modulus, psi
shear modulus, psi
principal elastic constants of unidirec-

tional composite
elastic constants for an element dz
fiber volume fraction of composite [k =

Subscripts
x,y,z
L,T,Z

Terminology
3-dimensional com-

posite
2-dimensional com-

posite

distance from center to center of fibers,
in.

fiber radius, in.
direct strain, in. /in.
principal strains in a unidirectional com-

posite
strains in an element dz
Poisson's ratio
direct stress, psi
externally applied principal stresses act-

ing on a unidirectional composite
stresses acting on an element dz
shear stress, psi

coordinate axes (Fig. 1)
axes denoting principal directions in uni-

directional laminate
denotes resin or matrix material
denotes fiber material

elastic solid reinforced with continuous
unidirectional fibers

thin plate containing inclusions
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I. Introduction

THE problem of internal stresses in plates containing in-
clusions made of dissimilar material has been investigated

by a number of authors. Fil'shtinskii1 presented a closed-
form solution for the internal stresses in uniaxially and
biaxially stressed plates containing a doubly-periodic set of
circular holes, and for a plate containing rigid inclusions. The
plane elasticity problem of a plate containing elastic inclusions
was solved for transverse normal loading and for longitudinal
shear loading by Adams and Doner.2-3 The solution to the
above problem has also been obtained by Pickett4 using a
different approach. The problem has also been studied by
Shaffer5 and Foye.6 Most existing solutions2~4-6 are computer
solutions. These show large differences in results, as for ex-
ample pointed out by Shaffer.5

Excellent surveys of literature on publications which can be
of value in solving micromechanics problems in composite
materials have been made by Wilson,7 Goodier,8 Eshelby,9 and
Sternberg.10'11 Literature on the experimental investigation
of internal stresses in composites is not so abundant. Some
results have been reported by Daniel and Durelli,12 as well as
inRefs. 13 and 14.

This paper is not intended to provide more rigorous solution
for the internal stresses in composites than those available in
the literature. On the contrary, existing rigorous solutions,
as well as experimental data, are used to show that the ap-
proximate solution presented herein, apart from being less
complex than existing solutions, is sufficiently accurate for en-
gineering applications. The level of sophistication involved
is consistent with the accuracy of the initial assumptions
which are made when solving the micromechanics problems in
composites and applying the results to practical composites.
These assumptions are:

1) both constituent materials obey Hooke's Law, 2) the
filaments are circular, uniform in shape, and arranged in a pre-
scribed array, 3) there are no voids in the composite, 4) the
effect of microirregularities such as surface flaws, fiber mis-
alignment, microcracks, broken filaments, etc., is negligible,
and 5) both materials are homogeneous, isotropic, and are
firmly bonded together.

These, or similar assumptions, are practically unavoidable
when seeking useful solutions for micromechanics problems in
composites, regardless of the method of solution that one may
select. The inclusion of all the possible variables that are
present in actual composites in the solution of the problem
would constitute a monumental, if not impossible, task.
Even if the resultant problem considering all the possible
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variables, were solved, the complexity of the solution would
limit its usefulness.

II. Theoretical Considerations

For a composite subjected to a remotely applied average
transverse stress, or, the conditions of symmetry require that
lines a&, be, cd, and da (Fig. 1) in the deformed composite re-
main parallel to the corresponding lines of the undeformed
material. This implies that the gross strains over the length
21 in directions x and z remain constant.

i ri7:7 I *x(f,r)dx = eT = constant (at any z)
21 J — i

i ri— I €g(f,r)dz = ez = constant (at any x)

0)

(2)

The internal stresses across the various sections will not, how-
ever, be constant but will vary as function of x and z coordi-
nates as shown in Fig. 2. At any section across the element 21
the conditions of force equilibrium require that

1 f i
* = -*[ J-i

/
i

crz

(3)

(4)

where ax and vz are functions of z and x, respectively. The
condition of force equilibrium and strain compatibility in the
fiber direction, L-direction, requires that

ffL = Tydxdz

6y = tL = constant

(5)

(6)

As discussed in the Appendix, the terms eX) ey, ez, GX, cfyj and
<rz can be expressed in terms of stresses and strains in the
matrix and the fibers, as well as fiber volume fraction kz

[4:k/ir - (7)

Following the procedure described in the Appendix the fol-
lowing approximate expressions are obtained for the interfiber
stresses in three-dimensional composite material subjected to
remotely applied stresses <JL and <JT

ffxr = MO ~ VxyVTL)(ffT/E^ + (vyx -

yr = [A is/0 — kg) (An + Ai2)]o-*r ~

- ks)(Au + Ai2)]<Txr +

i2 + vfAu)/Efk,(l - fc.)
where

(vxy -

(8)

- Au*)]<rv (9)

(10)

(II)

Fig. 1 Model for investigating interfiber stresses in
composites.

Fig. 2 Boundary stresses and deformations on a basic
element. /,

The interfiber shear stress due to inplane shear loading can be;•
obtained in a similar manner.18 The final approximate ex-
pression for the shear stress is

_ _ //~Y iry \ _ / I O N '
Txyr — \\J~xy/ \J~LT) • LT \L£i)}'

The various terms appearing in Eqs. (8-12) are defined as
follows:

VLT =

VTL =

vyxbxdz

/ J ^byd (14)

(17)

where

bX = Ex/(l - VXyVyX), by = Ey/(l ~ VXyVyX)

and in the region 0 < z < R

and

Ex

1

B7

Gx

A
Au

ET '

An ~\~ VfA\
ErEfkz(l •

^ ~ 'Ef
 +

Vr

Er (1

„ = <w,w,

ln = 1/̂ (1

• = -Vr/Er(l

An = ^r/.

#/ An + Aw

2 + J>r(Ai2 + VfAn)

- &2)(An2 — Ai22)

(1 - vf)An

kzEf(An + A 12)

(1 - pr)Ai3
- kg)Er(Au + A12)

' + fe(Gr - (?/)]

-W + 1/1W.

- fc) - y//^A;.

Er ~ Vf/Ef

Uo;

(19)

(20)

(21)

(22)

(23a)

(23b)
(23c)

kz = {(4k/ir) - (z/Z)2}1/2orfe = {(4/c/7r)[l - (z

Z = R(ir/4;k)112

In the region R <z <l

vxy = vyx = vr, Ex = Ey = Er, Gxy =

(24)

(25)

Equations (13-17) represent the elastic constants of a
laminate in terms of the properties of the constituent ma-
terials — fibers and matrix. The integrals appearing in the
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Fig. 3 Comparison of transverse composite moduli.

various equations can and have been evaluated numerically,
using numerical integration.15 It is noted that if the problem
is simplified to a one-dimensional case, a closed-form solution
can be obtained for the elastic constants and maximum
stresses.5 The three-dimensional problem does not lend
itself to closed-form solution. For a two-dimensional com-
posite simulated by a thin plate containing circular inclusions,
the interfiber stresses can be derived in a similar manner.
The equations for these stresses are given in the Appendix.

III. Comparison of Theoretical Results
To establish the accuracy of the approximate method of

solution, the results have been compared with the results pre-
dicted by the rigorous elasticity solutions obtained by
FiPshtinskii1 and Adams and Doner.2'3 Figures 3 and 4
show the comparison of transverse modulus while a compari-
son of shear modulus is shown in Fig. 5. The comparison

.of the interfiber stresses in a composite subjected to trans-
verse loading is shown in Figs. 6 and 7.

Figure 6 shows that for (E/l) > 0.6 (k > 30%) the maxi-
mum interfiber transverse stress remains nearly constant
across the width of the matrix where the inclusions are closest
together; it is slightly higher at midpoint between the fibers
than it is at the fiber-matrix interface. Experimental results
given in the Appendix (Fig. 13) confirm this fact.

Interfiber stresses in a solid reinforced with continuous
fibers obtained herein are compared with the results of
Adams and Doner2 in Fig. 7. It is noted that Ref. 2 gives the
stresses at the interface while the results obtained here are for
the maximum stresses (midway between the fibers). There-
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Fig. 5 Comparison of the shear moduli.

fore, Fig. 7 serves only as a rough indication of the accuracy
of the approximate solution.

Figure 8 shows the interfiber stresses in two- and three-
dimensional composite materials containing rigid inclusions
or rigid fibers. The difference in the magnitude of the maxi-
mum interfiber stress obtained from a two- and three-dimen-
sional solution is quite small. These results also show that it
is reasonable to employ two-dimensional experimental
models to verify the accuracy at the three-dimensional
theoretical solution for the internal stresses.

The comparison of shear stress distribution as predicted by
the present [Eq. (12) ] and by the rigorous elasticity solution of
Adams and Doner3 is shown in Table 1. Except for the case
of k = 0.75, the agreement in results is quite good. The
stress comparison given in Table 1 is for the same locations as
shown in Fig. 6.

IV. Test-Theory Comparison

To verify the accuracy of the results, photoelasticity tests
were performed on plates containing circular elastic inclusions,
arranged in a square array and imbedded in an elastic matrix.
The inclusions were made of 6061-T6 aluminum while the
matrix material was 4290 Hysol Epoxy resin.

A two-dimensional photoelastic oblique incidence tech-
nique was used to measure the stresses across the sections of
symmetry, midway between the inclusions. Prior to loading
the plates in tension the fringe pattern due to residual stresses
was measured. Figure 9 shows the fringe pattern due to ten-
sion and residual stresses. Superposition technique was
used to obtain stresses due to externally applied loading.

The plates tested contained inclusion spacings correspond-
ing to k = 0.502, 0.567, and 0.650. The comparison between
the theoretical and experimental interfiber stress distribution
is shown in Figs. 10 and 11. The test-theory correlation for

b
bx

Fig. 4 Comparison of transverse moduli of a plate con-
taining rigid inclusions.
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Fig. 7 Normalized maximum transverse stress in a.
composite containing a square array of circular elastic

inclusions.

the maximum stress concentration between the fibers is shown
in Fig. 12. The theoretical interfiber stress distribution was
calculated from Eq. (8) and from equations given in the Ap-
pendix. The difference between the results obtained by the
equations given in the text and those in the Appendix was
negligible; 0-5% depending on the z/L At z/l ~ 0, both
sets of equations gave almost identical results.

The test-theory agreement shown in Figs. 10-12 is within
10%. It therefore appears, that in the range of interest (40 <
k < 75), the approximate solution presented is sufficiently ac-
curate for engineering applications. This applies, in par-
ticular, to actual composites where the scatter in test data
and experimental errors can be in excess of 10%.

V. Conclusions

An approximate solution is presented for interfiber stresses
in filamentary composites subjected to inplane shear and
transverse normal loadings. The solution is shown to be
sufficiently accurate for practical engineering applications (to
actual composites). This is established by comparison of the
results of the approximate solution with the results of a
rigorous elasticity solution and with experimental results.
The transverse and shear moduli predicted by the approxi-
mate theory also show good agreement with the values pre-
dicted by the rigorous theory.

Appendix: Approximate Method of Solution

To obtain an approximate solution for the interfiber stresses,
one may use an approach similar to that used for determining
the internal layer stresses in multilayer composites. The
mathematical model is similar to those used previously for
determining the approximate expressions for the elastic con-
stants of composites.15"18 Assuming that the basic element

Table 1 Comparison of stress concentrations due to
inplane shear loading

k = 75% k = 70% k = 55% 40%

Gf/Gr Eq. (12) Ref. 3 Eq. (12) Ref. 3 Eq. (12) Ref. 3 Eq. (12) Ref. 3

1127.0
450.0
225.0
112.7
45.0
22.5
11.3
5.6

3.45
3.40
3.29
3.10
2.70 .
2.32
1.92
1.57

9.6
9.3
8.8
8.3
7.2
5.7
3.7
2.3

2.53
2.51
2.47
2.41
2.25
2.06
1.81
1.54

3.0
2.9
2.8
2.8
2.7
2.6
2.2
1.8

1.87
1.86
1.85
1.84
1.80
1.74
1.63
1.48

1.9
1.9
1.8
1.8
1.8
1.7
1.7
1.5

1.67
1.66
1.66
1.65
1.63
1.60
1.54
1.44

1.7
1.7
1.7
1.6
1.6
1.6
1.5
1.4
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Fig. 8 Comparison of 2-D and 3-D solutions for com-
posites containng rigid fibers/inclusions.

(Fig. 2) consists of a number of thin layers of length 21 and
thickness dz} the stress-strain relationship for any given layer,
dz, are

VyX(<Jy/Ey)

VXy(<TX/Ex)

(Al)

where EX) Ey, vxy, and vyx are the still unknown equivalent
elastic constants of an element dz} which are a function of kt
[Eq. (7)]. These can be evaluated from the following ap-
proximate equations of force equilibrium and strain com-
patibility which apply to any element dz

OXT = ffxf = GX (A2a)

<7*r(l - k,) + Vzfkz = 0 (A2C)

€**•(! — kz) + exfkz = ex (A3a)

€yr = 6yf = €y (A3b)

€zr = €,/ = €, (A3C)

The stresses appearing in Eqs. (A2) are the average stresses
acting on the constituents of an element dz at any point 2, and
so are the strains appearing in Eqs. (A3). The variable in
Eqs. (A2)and(A3)isfc.

The use of average stresses and strains in the constituents
will obviously not satisfy all the boundary conditions of the
problem; e.g., all the boundary conditions at the fiber-
matrix interface. Available experimental data does, how-
ever, indicate that the major assumptions, expressed by Eqs.
(A2) and (A3) are reasonably accurate. The variation of oxr

a TXy/TLT is the normalized stress concentration factor; TLT is the re-
motely applied average shear stress and rxy is the maximum interfiber shear
stress. Fig. 9 Residual and uniaxial tension fringe pattern.
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THEORY; 1ST ORDER
APPROXIMATION [EQN A-20]
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Fig. 10 Interfiber stresses; test vs theory (k = 0.65).

with x is negligible in the region of maximum stress concentra-
tion as shown in Fig. 13. Figure 13 does, therefore, par-
tially justify the use of average stresses, ax, in the constituents
of any element dz. This does not imply that the average
stresses remain constant from element to element; on the
contrary, allowance is made for the variation of axr as a func-
tion of z (Fig. 2). On the basis of the results shown in Fig.
13, one would expect little variation in exr with x] €xr will,
however, vary with z. The validity of using average stresses
in Eqs. (A2b) and (A3b) is obvious. These are the stresses
and strains associated with the fiber direction, L or y. The
use of average stresses and strains in Eqs. (A2c) and (A3c) is
only a first approximation which can be refined as discussed
later. These equations are used to account for the restraint
of the matrix by the filaments in the ^-direction.

To proceed with the approximate solution leading to Eqs.
(13-25), the stress-strain relationships for the filament and
matrix material are

€«n = (**n/En) ~ (vn/En}(<Tyn + <Tzn) (A4)

tyn = ((Tyn/En) - (vn/En}(<Txn + ffm) (A5)

€zn = (Ozn/En} - (Vn/En)(<Tyn + (Txn) (A6)

(n = M
Combining Eqs. (A2-A6), three equations are obtained in <jyr,
azr, and axr. Simultaneous solution of these equations leads

NOTE: SEE FlCURE 10FOR
FURTHER DETAILS

0.2 0.4 0.6 0.8 1.0
z/j?

Fig. 11 Interfiber stresses; test vs theory (k = 0.502).
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Fig. 12 Maximum interfiber stress; experiment vs theory.

. to the following

(Tzr = [4i8/(l - kz)(An + Aw)](rXr +
[(4i2 + vfAn)/Efkz(l - kz)(A^ - An2)]<ry (AT)

dyr = [4is/(l — kg)(Au + An)]<rxr —
[(An + VfA12)/Efk.(l - fe)(A12

2 - Au2)]<rv (A8)
€, = [(1 - kz/Er) + (k,/Ef) - 2A^/(An + A12)Kr -

+ (1 - rf)Au/kJEf(Au + A12)K (A9)
where ^.-coefficients are given by Eqs. (23). Combining
Eqs. (AT, A8, A3b, and A5) yields

€y = { [An + VfAu + Vr(Au + VfAn)]/ErEfkz X

- kz)(An (A10)

The equivalent elastic constants of an element dz can now be
obtained by comparing the coefficients of Eqs. (A9), (A10),
and (Al). The final results are given by Eqs. (18-21).

For an element shown in Fig. 2, the symmetry conditions
require that the total strain (consisting of resin and fiber
deformation) over the length 21 remain constant

ex = eT = constant

ey = €L = constant

(All)
(A12)

ez = ez = constant (A13)

Combining Eqs. (Al, All, and A12), multiplying both sides of

b" 2.0

>—
 •

r\
j

o oo

<TT^,

THEORY (EQN. A-20)

-EXPERIMENTAL RESULTS 14

Ef/Er = oo; Vf = 0.33;Vr • 0.486;

k - 34.9%

0.1 0.2 0.3
x/h

0.4 0.5

Fig. 13 Stress distribution in the matrix at the point of
maximum stress concentration.
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Fig. 14 Determination of stress distribution by super-
position.

the resultant equations by dz, integrating between the limits
I, —I, and making use of Eqs. (3) and (5), one obtains

ffT = If

§ -i (A14)

(A15)

<TL =

<JT =

where 6* and by are denned after Eq. (17).
The conventional stress-strain relationship for a monofila-

ment laminate can be expressed as

! — VLTVTL)*L + (VrL^z/l — VLTT>T-L)€T (A16)

l — VLTVTL)£T + (VLT^T/^ — VLTVTL}ZL (A17)

Comparison of coefficients in Eqs. (A14) and (A15) with the
coefficients in Eqs. (A16) and (A17) gives the final expressions
for EL, ET, VLT, and VTL shown by Eqs. (13-16).

To obtain interfiber stresses at section b-c (Fig. 1), as a
function of the ^-coordinate, Eqs. (Al) are first solved for crx
and <ty

yX€y)

= [ ( E y / l - VXyVyX)](€y

(A18)

(A19)

Substitution of Eqs. (All) and (A12) for ex and ey followed by
a combination of the resultant equations with Eqs. (A16)
and (A17) yields the equations for the stresses crx and vy in an
element dz. Combining the resultant equations for crx and <ry
with Eqs. (A7-A9) leads to the final expression given by
Eqs. (9, 10, and 11).

A similar procedure has been used to determine the internal
stresses due to inplane .shear loading and also the interfiber
stresses in a plate containing circular inclusions. For the case
of a plate containing circular elastic inclusions arranged in a
square array and subjected to transverse normal loading the
final results for the interfiber stresses are

<r,r' = EX'(<JT/ET'\ (A20)

*»' = [AuEx'/Au(l - kz}}(<jT/ET') (A21)

where

- r21 J-i Ex'dz

Ex' = An/(AnA12' -

VTZ ~ "T

(A22a)

(A22b)

(A22c)

- vr(l - kz)An]/Er(l -

CO
CO

1.2

£0.8

A T x - ;

AT x- /

-- - '*-*
Ef - 10.Ox Id6 PSI v f-0.31

k = 0.65(FIBER VOL FRACTION)

1.2 1.4 1.6

Fig. 15 Stress distribution along lines of symmetry.

where in addition to previously defined terms ^4n and An

A12' = k./Ef + (1 - k.)/Er (A23)
and the terms with primes refer to a two-dimensional com-
posite.

The average stresses in the ^-direction in any given element
dz were assumed to be independent of the ^-coordinate. To
obtain the variation of 0Z' in the ^-direction, superposition as
shown in Fig. 14 can be used. The relationship between the
remotely applied stress <TZ and the stress azo' (correspond-
ing to the first approximation) at any point x is

(Ez'/Ez')<rz (A24)

where E/ and Ez' can be obtained from Eqs. (A22) by replac-
ing subscripts x with z and T with Z. By superposition the
net stress at any point x is

-ffzo + *z = <r/ (A25)

or, in view of Eq. (A24)

o-/ = [1 - (#//#/) W (A26)

It can be readily shown that Eq. (A26) satisfies equilibrium
condition expressed by Eq. (4). To satisfy the relationship

ez = -VTZ'ZT (A27)
requires that the still unknown az satisfy the following

ET' (A28)

Combining Eqs. (A28) with (A26) and noting that for a
square fiber array Ez'« ET' yields

er/ = [1 - (EZ'/ET')}(VTZ^T) (A29)
which is the final expression for the distribution of stresses
along lines ab and cd (Fig. 1). The stress distribution along
lines ad and be is given by Eq. (A20). The stress a/ will also
induce stresses in the x direction. Using superposition, the
final expression for the stress distribution in the x and z direc-
tions are

- k.)]ffT/ET'
(A30)

tV = -l(ET' - Ez'}vTZ'

*,/ = [Ex
f + [Blz/Bn(l - kx)](ET' -

(A31)

where the terms #n, B^, and Eg' are a function of kx, the terms
An, A 13, and Ex' are a function of kz and

(A22d) k

n

where n = x or z. The terms Bn, Bn, and Es' can be obtained
from the expressions An, Ai3, and Ex [Eq. (A22) ] by replacing
kz with kx.
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The approach described above can also be applied to refine
the analysis for the internal stresses in three-dimensional com-
posites. However, the difference in results calculated by the
equations corresponding to the first and second approxima-
tions [Eq. (A20) vs Eq. (A31)] is small as shown in Fig. 10.
The stress distribution along lines ab and be (see Fig. 1) is
shown in Fig. 15.
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A Study of Hypersonic Corner Flow Interactions
RALPH D. WATSON* AND LEONARD M.

NASA Langley Research Center, Hampton, Va.

Characteristics of the hypersonic flowfields over three sharp leading-edge internal corner
models have been measured at Mach 20 in helium. Wedges of equal angles (0°-0°, 5°-5°, and
10°-10°) intersecting at 90° formed the models. The measurements include heat- transfer and
surface pressure distributions, Pitot surveys in the base plane of the models, oil-flow photo-
graphs, and electron beam flow visualization photographs. The data indicate that the broad
features of external and internal shock structure observed at supersonic Mach numbers also
occur at Mach 20; however, the presence of large vortices and thick boundary layers distort
the flow in the immediate vicinity of the corner. Observed peaks in surface heat transfer
correlate with a strong vortex near the corner and a disturbance propagated from the in-
viscid flow into the boundary layer. The flowfield appears to be basically conical in na-
ture except for large values of x tne hypersonic viscous interaction parameter. Corner
heating rates, relative to undisturbed wedge or flat-plate heating rates, increase signifi-
cantly with increasing freestream Mach number.

Nomenclature^
C = Chapman-Rubesin constant
M = Mach number
P = pressure
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Meeting, New York, January 19-21, 1970; submitted March 2,
1970; revision received March 15, 1971.

* Aerospace Engineer, Hypersonic Vehicles Division. Mem-
ber AIAA.

f Aerospace Engineer, Hypersonic Vehicles Division.
t Primes denote reference temperature value.

Pr = Prandtl number
q = heat flux
R = Reynolds number
T = temperature
x,y,z = Cartesian coordinates
y,z — orthogonal coordinates measured from the corner

juncture
a = angle between wedge and freestream vector
y = ratio of specific heats
5 = Pitot boundary-layer thickness
5* = displacement thickness
0 = wedge intersection angle, measured in y-z plane
X = viscous interaction parameter


